EECS568 Mobile Robotics: Methods and Principles

Prof. Edwin Olson

L23. Map Projections and GPS




Cartography

® Several purposes of maps
» Navigation

- How do | get from point A to point B!

» Geographic Information Systems (GIS)
= Where is stuff?




Navigation

® |et’s ignore obstacles. (VWe're an
airplane at 30,000ft, perhaps)
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® How do | get from Ann Arbor,
Follow the rhumb line (or

MI to Pamplona, Spain? loxodrome)
(42.5,-83.8) to (42.84,-1.68)

» Travel due east, 6714km
» Follow great circle, 6423km

= |Initial bearing 60 deg, final
bearing 120 deg

Follow the great circle




Great Circles

® What is a great circle?

» How do we use it to get from p to q!

® |t’s the intersection of the earth and the
plane that goes through p, g, and the
earth’s center,

® The shortest distance between any two

Canada :

points on a sphere SN O

R SETn PO e A /
T § “FUnited. /77

i States]

» Constant course corrections Rl 1

Y México

» A bit tricky to execute for early sailors
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Simple Maps

Our goal is to make navigation easy

Draw a line between p and q, read off the bearing.

Goal: the line between p and q gives the trajectory for a

constant-bearing route

How do we draw a map such that is has this property?

How about uniform spacing of latitude and longitude?
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Let’s consider the scaling of the map at

Are rhumb lines straight
on Platte Carre Maps!?

various points.

First: note this is a cylindrical projection
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Map is tangent to the globe at the equator

Thus scale is perfect there!

Let’s call that scale=1.

What is the scale in the y direction?

What is the scale in the x direction?

(Are areas preserved?)

Areas are preserved
only if the the local
area scale is constant...

scalex * scaley.

Lines of latitude are
evenly spaced in reality.
They're evenly spaced on
platte carre, thus scale is
constant.
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At equator, x scale=1, at poles, x scale is
infinite

As we leave the equator, the x scale
increases.

x scale 1= y scale means that the map is not
conformal: it does not :)reserve angle. ==>
Headings (which are defined by angle WRT
weridian) will change direction. Stretched
out in the y direction.




Constant Course on Platte Carre

® Head north east from Ann Arbor towards (say) south Africa. drawn by hand..
»  We become trapped in singularity at the pole

»  Path on platte carte becomes very long; actual path is very short.
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Making rhumb lines straight

How would you do equal area map?

® Observation: Given a cylindrical projection, the x scale

increase away from equator.
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® I|dea: Adjust y scale so that it is the same as x scale
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Circumference of lines of latitude getting smaller, n

width staying constant

“Lambert” equal-area cylindrical
projection. Just cancel out xscale...

yscale = cos(theta)

this is easy to integrate:

y = sinltheta) + ¢

(check for boundary conditions... ¢ = 0)

This means different y scales in different parts of the rmap:

® What is the xscale factor?
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and x = longitude

width of map

o 1

Pscale = 2mcos(f)  cos(6)

® We want yscale = |/cos(theta) too.
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So what is y(theta)?

Must “make room” for all the y’s with
smaller thetas

y:

perimeter of circle at latitude \theta

|

——df
o cos(6)




Mercator projection

® Defined by:
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® TJo compute a path:

» Draw a straight line between start and end
points

» Read of the bearing.

» Travel in that direction until you get there.




The integral

® The integral turns out to have an interesting
history...

v = ¢
0
1
oo /OCOS(Q)dH

® VWe could be boring and just give the answer:

y = In |sec § + tan 6|




Mercator- A little history

® 1569: “we ...spread on a plane the surface of the sphere in such
a way that that positions ... shall correspond ... in both ... true
direction and distance... It is for these reasons that we have
progressively increased the degrees of latitude towards each pole
in proportion to the lengthening of the parallels...” - G. Mercator

»  He never actually said how!

e Late 1580s:Thomas Harriot gave a mathematical explanation,
but nobody noticed.
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® 1599: Edward Wright showed that the solution involved an Gerardus Mercator
integral of the secant function.

»  But no idea how to solve it...“we may make a table which shall
shew the sections and points of latitude in the meridians of
the nautical planisphaere: by which sections, the parallels are
to be drawne”

® 1620: Edmund Gunter published a table of logarithms of tangents

® 1645: Henry Bond notices that Gunter’s and Wrights tables
appear to similar; conjectures the closed-form answer for y.




Mercator- A little history

® 1665: Nicolaus Mercator (no relation) challenges the Royal
Society to prove or disprove Bond’s conjecture.

" And feeing all thefe things do depend on the folution of this
Quetftion, lfﬁetber the Artificial Tangent-line be the true Meridian-
line 2 It is therefore, that I undertake, by God’s affiftance, to
refolve the faid Queftion. And to let the world know the rea-
dinefs and confidence, I have to make good this undertaking, I
am willing to lay a Wager a{gainﬂ any one or more perfons that
have a mind to engage, for {o much as another Invention of mine
(which is of lefs fubtlety, but of far greater benefit to the pub-

lick) may be worth to the Inventor. . _ .
Volume |, Philosophical Transactions

® [668:James Gregory presents an ugly proof.

» “the excellent Mr. James Gregory..., not without a long train
of Consequences and Complication of Proportions, whereby
the evidence of the Demonstration is in great measure lost,
and the Reader wearied before he attain it”” - Edmund Halley

® [670:Isaac Barrow publishes an intelligible proof; an early use Edmund Ha"e'y
of integration by partial fractions.




Views from space

Perspective view of earth

As distance increases, view
approaches orthographic

Orthographic projection
useful due to simplicity

» Dates to Hipparchus in
2nd century BC

Orthographic projection




How much does all this matter?

® Consider an orthographic
projection

» The center of the map is
tangent to the globe

® Suppose we travel a distance d
away from the tangent point.

» The point on the earth is
farther away than the image
of that point due to the
curvature of the earth.

distance error
0Om 0
| km 4.2 um
10 km 0.42 cm
100 km 42 m
500 km 526 m
1000 km 4.2 km
5000 km 775 km

Orthographic projection
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Orthographic projection

distance error
Om 0
I km 4.2 um
10 km 0.42 cm
100 km 42m T
500 km 526 m
1000 km 4.2 km
5000 km 775 km
| | | |
1000 2000 3000 4000 5000

distance (km)

6000

Note: Earth radius ~ 6300km




Universal Transverse Mercator (UTM)

® Standard Mercator projections
distort areas away from equator.

» It’'s good where the cylinder is
tangent to the Earth.

® |dea:let’s use a bunch of maps,
arranging the cylinder to be
tangent in different places

» Lines of longitude are natural
choices (unlike lines of
latitude, they are great circles)




Universal Transverse Mercator

® UTM maps divided into
zones

» Within each zone, using
northing and easting (in
meters), instead of lat/lon.

» Coordinates offset to
avoid negative numbers

® Widely used by US military




North vs. Magnetic
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Adjustment factor: magnetic declination
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Pretty far from true north! (90N) é -6. .
It's moving! about 35 km/year. E -8.
n -10.
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Offset could be measured at night by comparing to the north star

But which was right?

“It seems that the star [Polaris] moves like the other stars, and the compasses
always seek the truth” - Chistopher Columbus

Typical |16th century navigation

v Vv Vv WV

Know the latitude of destination
Get on the right latitude, then travel east/west
Use magnetic course if you have a good map

Use occasional celestial observations (latitude) to confirm position. (Longitude really
hard!)




WHAT YOUR FAVORITE

MeP Hregecrion

SAYS ABOUT YOU

MERCATOR

O‘,

YOU HAVE A COMFORTRBLE PAR OF RUNNING SHOES
THAT YOU WEPR EVERYWHERE. YOU UKE COFFEE. AND
ENJOY THE BEATLES. YOU THINK THE. ROBINSON 15
THE BEST-LOOKING PROJECTION, HANDS DOWN.

WINKEL-TRIPEL

NATIONAL GEOGRAPHIC ADOPTED THE WINKEL-TRIPEL IN
1998, BUT YOUVE BEEN A W-T FAN SINCE ZOW5 BERRE
“NATGED SHOWED UR. YOU'RE WORRIED IT% GETTNG
PLAYED OUT, AND ARE THINKING (OF SWITCHING B THE
KAVRAYSKI, YOU ONCE LEFT A PART IN DISGUST WHEN
A GUEST SHWED UP WERRING SHOES WITH TOES. YOUR
FAVORITE MUSICAL GENRE. 1S “PosT-".

YOURE NOT'A (OMPLICATED PERSAN. You LOVE THE
MERGATOR PROTECTION; You JUST WISH IT WEREN'T
SQUARE. THE EARTHS NoT R SBUPRE, IT5 A ORALE..
You LIKE CIRCLES. TEORY 5 GONNA BE A GooD DAY!

YOU LIKE ISARC ASIMOV, XML, AND SHOES WITH TOES,
YOU THINK THE SEGWAY GO A BAD RAP, YOU OWN 3D
GOGGLES, WHICH YOV USET0 WIEW ROTRTING MODELS
OF BETTER 3D GOGGLES. You TYPE. IN DvorAK.

GOoODE HOMOLOSINE

PRl

THEY $AY MAPPING THE EARTH ON A 2D SURFACE. 15

LIKE FLATTENING AN ORANGE PEEL, WHICH $EBMS

EASY ENOUGH To You. YOU LIKE ERSY SOLUTIONS. You

THINK WE WOULDNT HAVE. S0 MANY PROBLEMS IF WVED
JUST ELECT MIIAL PEOPLE To CoNGRESS INSTEPD

OF POLITICIANS. YOU THINK AIRUNES SHOULD JusT BuY
FO0D FROM THE RESTAURANTS NERR THE GATES AND

SERVE 7A7 ON BOPRD. YOU CHANGE. YOUR CARS 0IL,
BUT SECRETY WONDER IF YoU REALLY AEZ2 TO.

i J
YOU WANT To AVOID CULTURAL IMPERIAUISM, BUT
YOUVE HEPRD BAD THINGS ABOUT GALL- PETERS.
YOURE (ONFUCT-AVERSE AND BUY ORGANIC. YOU
VSE A RECENTIY-INVENTED SET OF GENDER-NEUTRAL
PRONOUNS AND THINK THAT WHAT THE WORLD
NEEDS 5 A REVGLUTION IN CONSCIOUSNESS.

A GLoBE!

YES, YOURE VERY CLEVER.
PEIRCE QUINCUNOAL

YOU THINK THAT WHEN WE LOOK ATA MAR, WHAT WE
REALLY SEE 1S QURSELVES. PETER YOU FIRST SAW
INCEFTIV, You SAT SILENT IN THE THEATER RR
SIx HOURS. [T FREAKS YOU OUT TO REAUZE THAT
EVERYONE AROUND YoU HAS A SKELETON INSDE THEM.
YOU A4/ REALLY LOOKED AT YOUR HANDS,

YOUTHINK THSONE 15 FINE.. YOU LIKE HOW XAnD Y
MAP TO LATITUDE AND LONGITUDE. THE OTHER

PROTECTIONS OVERCONPLIGATE. THINGS. YOU WANT HE
TO STOP ASKING ABOUT MARS <0Y0U CAN ENTDY DINNER

WATERMAN BUTTERRY

REALY? YOU KNOW THE WATERMAN? HAVEYOU SEEN
THE 1909 (AHILL MAP TS BASED— ._.YO) HAYE A FRAMED
REPRODUCTION AT HOME?! WHOA. ... LISTEN, FORGET
THESE QUESTIONS. PRENOU DOING ANYTHING TONIGHT?

GAUL-PETERS

fon
N,

I HATE YOU.

xked 977




Gnomonic Projection

® Great circles are
straight lines!

» (doesn’t make
them any
easier to
follow, though)




Finding our position on a sphere

® Suppose | tell you the distance between you
and N known 3D locations

» N=|

- You're on a sphere

» N=2

= You'’re on a circle

» N>=3

= Solve for a point




GPS

® |et’s do this with satellites

» They’ll tell us their orbit (so we
know where they are)

» We just need to measure distance

® |dea: Use time of flight
» ¢=299792458 m/s

» If our clocks are synchronized

with the GPS satellites, this works GPS IIR-15 (M), launched
September 25, 2006
great.




GPS Synchronization

® Requiring GPS receivers to have an atomic clock isn’t
sane.Yet.

® Suppose we make the local receiver’s error be an
unknown

» We know have one more unknown variable

» We can solve for it given one extra satellite
observation

® Thus,4 GPS readings give us 4 equations, for 4 unknowns
(XYZ + time)




